INELASTIC CHARACTER OF SOLITONS OF SLOWLY VARYING GKDV 

EQUATIONS 
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Abstract. In this paper wc study soliton-like solutions of the variable coefficients, subcritical 
f^^ ^ gKdV equation 

CN ' ut + {uxx-^u + a{ex)u™-)x=0, in Rj X Rj,, m = 2, 3 and 4, 

with A > 0, a() S (1,2) a strictly increasing, positive and asymptotically flat potential, and e 
small enough. In 1271 1281 it was proved the existence of a pure, global in time, soliton u{t) of 
the above equation, satisfying 

lim ||w(t)-Qi(--(l-A)t)||j^i(R) =0, 0<A<1, 









provided e is small enough. Here R{t, x) := Qc{x — (c — A)t) is the soliton of Rt + (Rxx — A_R + 
R"^)x = 0. In addition, there exists A G (0, 1) such that, for all < A < 1 with A 7^ A, the 
solution u{t) satisfles 

sup \\u{t) - k{\)Qc^ (■ - p{t))\\HHVL) ^ e'^^- 



t»i 



< 

C^ , Here p'{t) ~ (coo{A) - A), with k(A) = 2-i/(™-i) and Coo{A) > A in the case < A < A 

(refraction), and «;(A) = 1 and Cc,o(A) < A in the case A < A < 1 (reflection). 

In this paper we improve our preceding results by proving that the soliton is far from being 
pure as t — > +00. Indeed, we give a lower bound on the defect induced by the potential a(-), for 
allO<A<l,A^A. More precisely, one has 

> • liminf||«(t)-K™(A)Qe^(-^p{t))||j^i(j., >el+^ 

00 . 

^s^ ^ for any 5 > fixed. This bound clarifies the existence of a dispersive tail and the difference with 

f-f^ , the standard solitons of the constant coefficients, gKdV equation. 

in 

i> 

o. 

1. Introduction and Main Results 



In this work we continue the study of the dynamics of a soliton-like solution for some generalized 
Korteweg-de Vries equations (gKdV), started in [27l|28]. In those papers the objective was the 
study of the global behavior of a generalized soliton solution for the following subcritical, variable 
coefficients gKdV equation: 

ut + {u^x- >^u + a{ex)u"'')x =0, in Mt x R^, m = 2,3or4. (1.1) 

Here u — u{t, x) is a real- valued function, e > is a small number, A > a fixed parameter, and 
the potential a(-) a smooth, positive function satisfying some specific properties, see \1A\ below. 

This equation represents, in some sense, a simplified model of long dispersive waves in a chan- 
nel with variable bottom, which considers large variations in the shape of the solitary wave. The 
primary physical model, and the dynamics of a generalized soliton-like solution, was formally 
described by Karpman-Maslov, Kaup-Newell and Ko-Kuehl [151 UHl HZ] ■, with further results by 
Grimshaw 8^ , and Lochak [TO] . See [571 HO] and references therein for a detailed physical introduc- 
tion to this model. The main novelty in the works above cited was the discovery of a dispersive tail 
behind the soliton, with small height but large width, as a consequence of the lack of conserved 
quantities such as mass or energy. However, no mathematical proof of this phenomenon has been 
given. 
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2 Inelastic solitons of gKdV equations 

On the other hand, from the mathematical point of view, equation (jl.ip is a variable coefficients 
version of the standard gKdV equation 

Ut + {uxx - Au + u"^)x = 0, in R^ x M^,; m > 2 integer, A > 0. (1.2) 

This last equation is famous due to the existence of localized, exponentially decaying, smooth 
solutions called solitons. Given real numbers xq and c > 0, solitons are solutions of ()1.2p of the 
form 

u{t,x):=Qc{x-xo-{c-\)t), with Qc{s) -.^ c-^Q{c^/'^s), (1.3) 

and where Q = Qi is the unique -up to translations- function satisfying the following, second 
order, nonlinear ordinary differential equation 

Q"-O + Q" = 0, Q>0, geiJi(K). 

In this case, this solution belongs to the Schwartz class and it is explicit [35]. For m = 2, 3, 4 solitons 
and the sum of solitons have been showed stable and asymptotically stable [TJ |31 [2S1 |3I1 133 . In 
particular, if c > A the solution (II. 3p represents a solitary wavelQ of scaling c and velocity (c — A), 
defined for all time, moving to the right without any change in shape, velocity, etc. In other 
words, a soliton represents a pure, traveling wave solution with invariant profile. In addition, this 
equation has solitons with negative velocity, moving to the left, provided c < A. Finally, for the 
case c — \, one has a stationary soliton solution, Qx{x — xq). These last solutions do not exist in 
the standard, inviscid model of gKdV (namely when A = 0). 

Coming back to (|l.ip . the corresponding Cauchy problem in H^(R) has been considered in p7] . 
The proof of this result is an adaptation of the fundamental work of Kenig, Ponce and Vega [T5] , 
with the introduction of some new monotone quantities, in order to replace the lost conserved 
ones. 

A fundamental question related to (|1.2p is how to generalize a soliton-like solution to more 
complicated models. In |2], the existence of soliton solutions for generalized KdV equations with 
suitable autonomous nonlinearities has been considered. However, less is known in the case of 
an inhomogeneous nonlinearity, such as equation (jl.ip . In a general situation, no elliptic, time- 
independent ODE can be associated to the soliton, unlike the standard autonomous case studied 
in [2]. Therefore, other methods are needed. 

The first mathematically rigorous results in the case of time and space dependent KdV and 
mKdV equations (m = 2 and m = 3 above) were proved by Dejak-Sigal and Dejak-Jonsson [4l[5]. 
They studied the dynamics of a soliton for times of 0{£~^), and deduced dynamical laws which 
characterize the whole soliton dynamics up to some order of accuracy. More recently, Holmer [11] 
has improved the Dejak-Sigal results in the KdV case, up to the Ehrenfest time 0(|loge|e~^), 
provided the dynamical laws are well defined. In their model, the perturbation is of linear type, 
which do not allow large variations of the soliton shape, different to the scaling itself. 

In [27l[28] it was described the soliton dynamics, for all time, in the case of the time independent, 
perturbed gKdV equation (jl.ip . The main novelty was the understanding of the dynamics as a 
nonlinear interaction between the soliton and the potential, in the spirit of the recent works of 
Holmer- Zworski [12], and Martel-Merle [22j[23]. In order to state this last result, and our present 
main results, let us first describe the framework that we have considered for the potential a(-) in 

dru). 

Setting and hypotheses on a(-). Concerning the function a in (jl.l[) . we assume that a G C^(R) 
and there exist fixed constants ii", 7 > such that 

' 1 < a{r) < 2, a'{r) > 0, for all r G R, 

< a{r) - 1 < A'eT^ for all r < 0, < 2 - a{r) < Ke-^"^ for aU r > 0, and (1.4) 

\a^^\r)\ < Ke-'^\''\ for ah r S R, fc = l,2,3. 



In this paper we will not do any distinction between soliton and solitary wave, unlike in the mathematical- 
physics literature. 
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In particular, limr->-oo (^^l^) = 1 and linir_i.+oo ct('') — 2. The chosen hmits (1 and 2) do not 
imply a loss of generality, it just simplifies the computations. In addition, we assume the following 
hypothesis: there exists iiT > such that for m — 2,3 and 4, 

|(ai/™)(3)(s)| <i^(ai/")'(s), for all seR. (1.5) 

This condition is generally satisfied, however a'(-) cannot be a compactly supported function. 

We remark some important facts about (jl.ip (see [27l[28j for more details). Firstly, this equation 
is not invariant under scaling and spatial translations. Second, a nonzero solution of (jl.ip might 
lose or gain some mass, depending on the sign of u, in the sense that, at least formally, the Mass 

M[u](t) ■.^- [ u^(t,x)dx satisfies dtM\u](t) ^ ^ [ a'(ex)u"'+^(t,x)dx. (1.6) 

2 7r m + 1 7r 

On the other hand, the energy 

Ea[u]{t) := - / ul{t,x)dx + - / u'^{t,x)dx / a{ex)u'^+^{t,x) dx (1.7) 

2 Je 2 Jr m + 1 Jr 

remains formally constant for all time. Let us recall that this quantity is conserved for local 
iJ-'^-solutions of (|1.2p . Since a ~ 1 as a; — > — oo, one should be able to construct a generalized 
soliton-like solution u{t), satisfying u{t) ^ Q{- — (1 — \)t) as i — > — ooo Indeed, this scattering 
result has been proved in [27], but for the sake of completeness, it is briefly described in the 
following paragraph. 

Description of the dynamics. Let us recall the setting of our problem. Let < A < 1 be a 
fixed parameter, consider the equation 

iut + {uxx- >^u + a{ex)u"')x = in M* x M^,, 

jm = 2, 3 and 4; < £ < Eq; a{e-) satisfying (fr4l) - (fT31) . 

Here eo > is a small parameter. Let Aq be the following parameter: 

Ao:-^e(0,l). (1.9) 

m + 6 

Assuming the validity of (II. 8p , one has the following generalization of jl^ : 

Theorem 1.1 (Existence of solitons for gKdV under variable medium, [27 ). Suppose m — 2,3 
and 4. Let < A < 1 be a fixed number. There exists a small constant Eq > such that for all 
< e < Eo ihe following holds. There exists a solution u G C(M, iJ^(M)) of il.l\) . global in time, 
such that 

lim ||u(i)-Q(--(l-A)t)||Hi(K)=0. (1.10) 

Let us remark that (|1.10p can be improved in the following way: there exists K,'^ > such 
that 

\\u{t)^Q{-^{l-X)t)\\Hi(^M)<Ke^'\ for aU t < £-1-1/100 (cf. [27]). (1.11) 

Next, we have described the dynamics of interaction soliton-potential. Let A E (0, 1), and let 
A — X{m) be the unique solution of the algebraic equation [28] 

A(^^)^-^"-2^, Ao<A<l, (1.12) 

A — Ao 

with Ao given by (|1.9p . Let k(A) be the parameter defined by 

k(A) :=2-i/("-i), 0<A<A; «:(A) == 1, A < A < 1. (1.13) 

The above numbers represent a sort of equilibria between the energy of the solitary wave and the 
strength of the potential. Indeed, let Coo = Coo(A) be the unique solution of the algebraic equations 

MM 

/\_^ \„sl-An f o4/(m+3) ^ \\ n ^ \ ^ \ 

(1.14) 




Note that, with no loss of generahty, we have chosen the scahng parameter equals one. 



4 Inelastic solitons of gKdV equations 

and Coo(Ao) = 1, respectively. We claim that this number represents the final scaling of the 
soliton. Indeed, one has Coo(A) > 1 if < A < Aq, A < Coo(A) < 1 if Aq < A < A, < Cco(A) < A if 
A < A < 1, and the following 

Theorem 1.2 (Interaction soliton-potential: refraction and reflection, |27[[^ ). Suppose < A < 
1, with A 7^ A. There exists K,eo > such that for all < e < eo the following holds. There 
exists constants T,c^ > 0, and a smooth C^ function p{t) = p\{t) € R such that the function 
w~^{t) := u{t) — k{X)Qc+{- — p{t)) satisfies, for all t ^ e^^ , 

ll^+ WIUmR) + l/^'W - Coo(A) + A| + |c+ - Cool < Ke^/^. (1.15) 

Remark 1.1 (The limiting case A = A). The behavior of the solution in the case A = A remains an 
interesting open problem. 

Remark 1.2. In addition to (jl.lSp . it is proved in [271 128] an asymptotic stability property, in the 
spirit of Martel and Merle [21] . This result gives the existence of the limiting parameter c"*" above 
mentioned. We believe that the above is the first mathematical proof of the existence of a global, 
reflected soliton-like solution in a variable coefficients gKdV model. 

Finally, by means of a contradiction argument, no pure soliton solutions are present in this 
regime. 

Theorem 1.3 (Non existence of pure-soliton solutions for (|1.8p . [571 HH])- ^ei < A < 1, with 
A 7^ A. Then 

limsup||w+(i)||Hi(R) > 0. 

t—^+oo 

Main result. A natural question left open in [27j[28] is to establish a quantitative lower bound on 
the defect w'^{t) as the time goes to infinity, at least in the case 0<A<1,A7^A (the cases A = 
and A = A seem harder). In this paper we improve Theorem ll.3l bv showing a first lower bound on 
the defect w+(i) at infinity. In other words, any perturbation of the constant coefficients gKdV 
equation of the form (jl.SI) induces non trivial dispersive effects on the soliton solution -they are not 
pure anymore. This result clarifies the existence of a nontrivial dispersive tail and the inelastic 
character of generalized solitons for perturbations of some dispersive equations, and moreover, 
it seems to be the general behavior. In addition, one can see this result as a generalization to the 
case of interaction soliton-potential of the recent ones proved by Martel and Merle, concerning the 
inelastic character of the collision of two solitons for non-integrable gKdV equations [221 121] . 

However, in order to obtain such a quantitative bound, and compared with the proof in |24| . 
the present analysis requires several new ideas, in particular for the more difficult case, the cubic 
one. As we will describe below, our lower bounds are related to first and second order corrections 
to the dynamical parameters of the soliton solution. The main result of this paper is the following 

Theorem 1.4 (Inelastic character of the soliton-potential interaction). Let m = 2,3 and 4, 
0<A<1, At^A, and 5 := -J-r. There exist constants K,eQ > such that, for all < e < Sq, the 
following holds. Let w^(t) be as in Theorem M.'A Then 

liminf|lii;+(i)||Hi(ii)>^£'+', (1.16) 

Remark 1.3 (Meaning of 5). The number 5 above is needed in our computations, but it is not 
essential. It is related to the definition of the time of interaction T^ (|1.21|) and estimates (jl.lH) 
and (|2.26p . but it can be replaced by any (5 > provided eg is chosen even smaller. Looking at our 
proofs, we believe that the best lower bound is given by ^ e| loge|^*, for some (5 > 0; however, 
this problem will not be considered in this paper. 

Remark 1.4. Similar to the results obtained in f^H HI], we have found a nontrivial gap between 
the two bounds (jl.isp and (|1.16p . This gap is related to the emergence of infinite mass corrections 
to the constructed approximate solution [27l [22 , and it is not formally present in the NLS model 
[26) . The understanding of this gap is a very interesting open problem. Additionally, from the 
above results we do not discard the existence of small solitary waves (note that small solitons 
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move to the left), at least for the case m = 2. In the cubic and quartic cases, we believe there are 
no such soliton solutions. 

Ideas of the proof. As we have explained before, the above result is originally based in a recent 
argument introduced by Martel and Merle in [M] , to deal with the interaction of two nearly-equal 
solitons for the quartic gKdV equation. Roughly speaking, in their paper the interaction was 
proved to be inelastic because of a small lack of symmetry on the soliton trajectories, contrary to 
the symmetric integrable case. In this paper, we improve the Martel-Merle idea in two directions: 
first, we generalize such an argument to the case of the interaction soliton-potential, which is 
nontrivial since our problem has no evident symmetries to be exploited; and second, we deal, 
in addition, with a somehow degenerate case, the cubic one, where the original Martel-Merle 
argument is not longer available. Therefore, we introduce new ideas to recover the same bound as 
in the other cases. 



Let us describe the proof. We consider an approximate solution of (jl.Sp . describing the inter- 
action soliton-potential. This problem was first considered in [27^ , but in order to find an explicit 
expression for the defect of the solution, we improved such a construction in |28] . 

Let us be more precise. The objective of the new approximate solution is to obtain first and 
second order corrections on the translation and scaling parameters p{t), c{t) of the soliton solution. 
Indeed, in [25] was proved that the solution u(t) behaves along the interaction, at first order, as 
follows: 

u{t,x) ^ a^^'^™^ \£p{t))Qi.(^t){x — p{t)) + lower order terms in e, 

with (c, p) satisfying the dynamical lawf|j 

c'(t) ^£/i(rt)-f £2 /3(e0, with /i(£t),/3(et)^0, m = 2,3,4; (1.17) 

p'{t)r~.c{t)-\ + ef2{et) + e^fi{et), with f2{£t)^Q, m==2,4, (1.18) 



(see Proposition 13.31 for an explicit description of this dynamical system). Moreover, one has 
/2 = in the cubic case (cf. Proposition 12. 2p . Roughly speaking, the parameter /2(ei) (fsi^t) 
resp.) satisfies 

/ ef2{et)dt < +0O ( / £f^{£t)dt < +oo resp.). 

Therefore, after integration in a time interval of size 0(£^^), near i ~ 0, these new terms induce 
a correction of order 0(1) (of order 0{e) resp.) on the trajectory p{t) (on the scaling c(i), resp.). 
These corrections are precisely the quantities that induce lower bounds for the hidden defect. 

The next step is to introduce a new function, say v{t), which has the opposite behavior compared 
to u{t). This solution is pure as i — > +cx}, and therefore, from Theorem 1 1.2[ different from u{t). 
We can describe the dynamics associated to v{t) for all time, in particular along the interaction 
region: we construct an approximate solution v{t), with associated dynamical parameters c{t) and 
p{t), which satisfy suitable dynamical laws, as in ()1.17p - (|1.18|) . However, since v{t) is pure as 
t — > -foo, the respective coefficients fsit) and f2{t) are of different signs with respect to (|1.17p - 
(jl.lSp . This crucial observation was first noticed by Martel and Merle in 24J for the quartic gKdV 
model, and represents a lack of symmetry in the dynamics. 



The purpose for the rest of proof is to profit of this fact. The idea is the following: if (|1.16p is 
not satisfied, then u{t) and v{t) are very close for all time, at some order smaller than e. This 
property is nothing but a backward stability result O Now, suppose for instance that wc are in the 
quadratic case. From the above stability result, one can prove that the dynamical parameters of 
u(t) and v(t) are very close, in the sense that 

|c(t)-2(t)|«£, |p(t)-p(f)|«l. (1.19) 



We write fj = fj (et) in order to emphasize the fact that we are working with slowly varying functions, but in 
the rigorous proof below we only use the notation fj{t). 

The existence of this property in the NLS case is an open problem, see |26| . 



6 Inelastic solitons of gKdV equations 

We give a more precise description of these properties in Lemmas 14. II and 14. 2[ and (|6.3p . But from 
p.l7p - (ll.l8|) one has, after integration in time, 

\p{t)-m\- I f2{s)ds. (1.20) 

Note that we have used that f2{£t) and f2{£t) have opposite signs. Then we have a contradiction 
with ()1.19p . provided the integral in (|1.20p is not zero, and the bounds in (|1.19p are small enough. 
The last step above can be performed in a more rigorous way with the following argument. In 
the case to = 2, 4 the idea is to find a quantity satisfying the following properties: (i) its variation 
in time is of order 0{e), (ii) it contains the dynamical laws (|1.17p - (|1.18p . and (iii) now the term 
2/2 (i) is relevant for the dynamics. This quantity is given by a suitable modification of a well- 
known functional J{t) introduced by Martel and Merle in [24], whereas in the cubic case the defect 
is in some sense degenerate and therefore J{t) is useless. However, since in this case the variation 
of c{t) is of second order in e, we still recover the same lower bound, but we require several sharp 
estimates. We overcome this difficulty by using improved Virial estimates (cf. Lemmas 12.41 1375)) . 
with the right signs, which allow to close our arguments. To obtain a suitable lower bound for the 
defect in the case A = is probably a more challenging, open problem. 

Remark 1.5 (The Schrodinger case). The interaction soliton-potential has be also considered in 
the case of the nonlinear Schrodinger equation with a slowly varying potential, or a soliton-defect 
interaction. See e.g. Gustafson et al. [9l[T0], Gang and Sigal 6.,, Gang and Weinstein 0, Holmer, 
Marzuola and Zworski [12l [131 US] : Perelman [32| and our recent work [26^ on the NLS equation. 
It is relevant to say that the equivalent of Theorem ll.4l for the Schrodinger case considered in [26] 
is an interesting open question. 

Let us explain the organization of this paper. First, in Section [2] we introduce the basic tools 
for the study of the interaction problem. These results are reminiscent of our previous papers 
[371 [55], and therefore are stated without proofs. In Section [3] we consider the case of a decreasing 
potential. We introduce the solution v{t) which satisfies the opposite behavior with respect to 
u{t). Section mis devoted to the rigorous proof of (J1.19p . and in Section [S] we prove (|1.20p . In 
Section [6] we prove the main result in the cases to, = 2,4, and finally in Section [7] we consider the 
most difficult case, m = 3. 

Notation. We follow most of the notation introduced in [35]. In particular, in this paper both 
ivT, 7 > will denote fixed constants, independent of £, and possibly changing from one line to 
another. Additionally, we introduce, for e > small, the time of interaction 

Te := -j-^ > 0. (1.21) 

Acknowledgments. I wish to thank Y. Martel and F. Merle for their continuous encouragement 
along the elaboration of this work. Part of this work has been written at the University of Bilbao, 
Spain. The author has been partially funded by grants Anillo ACT 125 CAPDE and Fondo Basal 
CMM. Some of these results have been announced in [35] . 

2. Preliminaries 

The purpose of this section is to recall several properties needed along this paper. For more 
details and the proofs of these results, see Section 2 and 3 in [371135] . 

2.1. Existence of approximate parameters. Denote, for C > 0, P G K given, and to, = 2,3 
or 4, 

hiCP) :^ -^ C{C - ^)^. (2.1) 

771 + 3 Ao a[eF) 

We recall the existence of a unique solution for a dynamical system involving the evolution of the 

first order scaling and translation parameters of the soliton solution, (C(t), P{t)), in the interaction 

region. The behavior of this solution is essential to understand the dynamics of the soliton inside 

this region. 
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Lemma 2.1 ([HI H^). Let m ^ 2,3 or 4. Let Ao,a(-) and /i be as in JTT^] . (T^ and ifO]) . 
There exists eo > small such that, for all < e < Sq, the following holds. 

(1) Existence. Consider < A < 1. There exists a unique solution (C{t), P{t)), with C'{t) 
bounded, monotone and positive, defined for allt > — T^, of the following nonlinear system 

rC'(i)-e/i(C(t),P(t)), C{-T,) = l, 

\p'{t) - C{t) - A, P{-T,) = -(1 - A)Te. ^ ■ ' 

Moreover, linit^^ao C{t) > 0, for all < X < 1, independently of e. 

(2) Asymptotic behavior. Let Aq < A < 1 be the unique number satisfying U.12\) . Then, 

(a) For all < X < X, one has lini(_>.-|_oo C{t) > X and linit_s.+oo L'it) — +oo. 

(b) For all X < X < I, there exists a unique to G {—T^,+oo) such that C(to) = A, and 
linit_i.+oo C{t) < X. Moreover, linit_>.-)_oo F'it) = — oo. Finally, one has the bound 
— Te < to < K{X)Ts, for a positive constant K[X), independent of e. 

Remark 2.1. From the above result, one can define a unique time of escape T^ > —T^ such that 
P{t) satisfies 

P{f,) = (1 - X)T,, for < A < A, P(fe) = -(1 - A)Tj, for A < A < 1. (2.3) 

(See [m Definition 3.1].) In addition, 

fe < K{X)T,, < K{X) < +00, (2.4) 

provided A y^ A. Moreover, one has C{Ts) = Coo(A) + 0(e-^°), with Coo(A) being the unique solution 
of the algebraic equation (|1.14p . See [27l [28] for the proof of these results. 

2.2. Construction of an approximate solution describing the interaction [3S]. Let t G 

[— Tj,Te], Qc given in p.3p . c = c{t) > and p{t) e M be bounded functions to be chosen later, 
and 

y:=x-pit), R{t,x):=~a-\ep{t))Q,^t){y), (2.5) 

where a{s) := a"»-i (s). The parameter a describes the shape variation of the soliton along the 
interaction. Concerning the parameters c(i) and p{t), it is assumed that, for all t £ [— T£,Te], 

|c(i)-C(t)| + |p'(t)-P'(i)|<eVioo_ (2.6) 

with {C{t),P{t)) from Lemma \m Consider a cut-off function rj E C°°{M.) satisfying 

< 77(5) < 1, < rf{s) < 1, for any s € R; 77(5) = for s < -1, rj{s) = 1 for s > 1. 

Define 

77,(2/) := 77(62/ + 2), (2.7) 

From [21], the form of u{t,x), the approximate solution, will be the sum of a soliton plus a 
correction term: 

u{t, x) := Tie{v){R{t, x) + w{t, x)), (2.8) 

where w is given by 

\d{t)Ac{y), if 777 = 2, 4, 
^ed{t)A,{y)+e^Bc{t,y), if 771 = 3, 

and d{t) := {a'ar'"^){ep{t)). Here Ac{y) and Bc{t,y) are unknown functions. Note that, by defini- 
tion, u{t,x) = for all y < — Be^^. 

We want to estimate the size of the error obtained by inserting u as defined in (I2.8p - (|2.9p in 
the equation (|1.8p . For this, we define the residual term 

S[u]{t,x) := ut + [uxx - Xu + a{ex)u"^)x. (2-10) 

For this quantity one has the following 

Proposition 2.2 ([27l[28]). Suppose {c{t),p{t)) satisfying \2.6\) . There exists 7 > independent 
of e small, and an approximate solution u of the form h2.^) - ^2^) . such that for all t G [—Ts,Te], 
one has: 



^(t^ ^) ■■= { :...'?.. , .2 . " .;' .. o (2-9) 



Inelastic solitons of gKdV equations 



(1) Almost solution. The error associated to the function u{t) satisfies 

S[u] = {c'{t) - eh{t) - e^S„,^3f3{t))d,u 

+ ip'{t) - C{t) + A - £/2(t) ~ e^5,n^zU{t))dpU+S[u]{t), 

with (5„j_3 the Kronecker symbol, dpU :— dpR + 0/fi(R)(£^''^e~'^'''l''''*'l), and 

\\S[u]mmim < Ks'/^e-'^^P^'^l 

(2) Ac, Be satisfy 

A,,dcAceL°^iR), Key, \A,iy)\<Ke-^y as y^ +00, MmAc^O, 

—00 

and for m — 3, 

JB'cit,-) eL^^CR), |Bc(t,y)| < ii:e-T?'e-^''l''(*)l as y ^ +00, 
\\Bcit,y)\ + \dcBa{t,y)\ < K\y\e-^^M''>\, as y -^ -00, 

(3) L^-solution. For all t e [-T^,f,], 7^ew{t, ■) £ H^R), with 



\r]eW 



{t,-)\\H.m<Ke''^e-^'\P^'^\ 



and 



risw{t,x)Qc{y)dx 



yT]^w{t,x)Qc{y)dx 



< Ke'°. 



(4) In addition, fi{t) — fi{c{t) , p{t)) is given by 112. 1\) . 
f2{t) = f2{c{t),p{t)) := -^{X 3X,c{t))^{ep{t)), U ■- /.^ ~ "I ^f ^f 



e 



t'2 



/3(i) = fMt).p{t)) ■■= -^^{cit) - X)^{ep{t)), 6 := 77 



xiLQy 



/c{t) 
and fi(t) satisfies the decomposition 



2 LQ' 



hit) := flit) — (spit)) + fl{t)-{sp{t)), \fl{t)\ < K. 



(5) Finally, one has the estimates 



cS[u\ 



for m — 2, 4, and 



QcS{n\ 



yQcS{u\ 



yQcS{u\ 



< Xe2g-£7|p(t)l + xe 



<Ks^e~''^\p^^^\+Ke'^ 



in the case m = 3. 



(2.11) 
(2.12) 

(2.13) 

(2.14) 
(2.15) 

(2.16) 
(2.17) 

(2.18) 

(2.19) 

(2.20) 



Remark 2.2. Note that, even under a correction term of second order, namely e Be, one cannot 
improve the associated error (|2.1ip . We believe that this phenomenon is a consequence of the fact 
that Ac ^L2(M). 

2.3. Decomposition of the solution in the interaction region. The next result summarizes 
the interaction soliton-potential. Roughly speaking, the solution u{t) behaves as the approximate 
solution u{t). 

Proposition 2.3 {28'). Suppose X e (0, 1), A 7^ A. There exist Kq, Eq > such that the following 
holds for any < e < Eq- 
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(1) There exist unique C^ functions c, p : [~T^,T^] — > M such that, for all t G [—Tg^Tg], the 
function z(t) := u(t) — u{t,c(t), p{t)) satisfies 

(2.21) 



lk(t)||Hi(R) <i^oe^/^ / z{t,x)yQc{y)dx^ / z{t,x)Qc{y)dx ^Q. 
In addition, z{t) solves the following gKdV equation 

' zt + {z^j, - Az + a{ex)\{u + z)™ - m™]}^ + S\u\ + c[{t)dcU + p[{t)dpU = 0, 

^c'i(t) :- c'(i) - £/i(t) - sH^^sfsit), p{{t) := p'{t) - c(i) + A - £/2(<) - eHm,ifi{t). 

(2) There is j > independent of Kq such that for every t G [~Tg,T*], 

1/2 



\p[{t)\ <K{m-3 + ee-''\P^''>\) 



^2g-7v^|j/| 



|c'i(i)| < K I e-^v^l^lz2(t) + ifee-T"l''(*)l 



+ X / e-'^^l^lz2(t) + if 

1/2 



,-7v^|yL2 



z^W 



K 



yQcS[u] 

QcS[iL\ 



\cit)-C{t)\ + \p'{t)-P'{t)\<Ke'/\ 
Finally, 

|c(-Te) - C(-T,)| + |p(-T,) - P(-r,)| + ||z(-T,)|U.(K) < Ke'', 
with K > independent of Kq . 



(2.22) 

(2.23) 
(2.24) 

(2.25) 
(2.26) 



Remark 2.3. Note that estimates (|2.25l) improve (|2.6I) . In addition, (j2.26p are consequences of 
([TTTT|) at time -T^, and (1^ . Moreover, from the proof of the above resuh, (iLTTj) and (I^TTTj) . 
one can see that e.g. an estimate of the order ||z(i)||//i(R) < KqE^''' is vahd for ah sufficiently early 
times, namely t < —Ke^^\ loge|, with K > Q large enough. 



2.4. Virial estimate. A better understanding of the estimate on the scaling parameter p.24p 
needs the introduction of a Virial estimate, in the spirit of [27j (see Lemma 6.4). See also 11 for 
a similar result. 

First, we define some auxiliary functions. Let (p E C°°(R) be an even function satisfying the 
following properties 



j0' <0 in [0,+oo); 0=lin[O,l], 

I 0(a;) — e^^ on [2, +oo) and e^^ < (f>{x) < 3e^^ on [0,+oo). 

Now, set ip{x) := L (j). It is clear that V' is an odd function. Finally, for A > 0, denote 

iI;a{x) := ^(^^(+00) + ?A(^)) > 0. 

Note that lima;_^_oo '0(a^) = and e~l^l/'^ < V'aC^^) ^ 3e~l''l/'^. We claim the following 



(2.27) 



(2.28) 



Lemma 2.4 ( 28 ). There exist K,Ao,do > such that for all t € [~Ti;,Ti,] and for some 7 
7(^0) > 0, 

dt f z'it,x)^Aoiy)<-So f{zl + z^){t,x)e-^^y^+KA,e'''\ 



2.29) 



A simple but very important conclusion of the last estimate, is the following: one has, from 
^^rm, and (12211), 



{zl + z-'){t,x)e ^Mdxds<K I z^i-T,)ijAoiy)~ I ^'(i)^Ao(2/) 



+ ^^£3/2-1/100 



< Ke^/^^'^/^°°. 



(2.30) 



for all t G [—T^,Tg], by taking Aq large enough, independent of e and K* . In other words, we 
improve the estimate on the integral of z^ + z^ near the soliton (a crude integration of p.30p gives 
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a bound Ke^T^). Finally, from (|2.24l) and (|2.19p - (|2.20p . we improve estimate (4.57) in ^, to 
obtain 

|c'i(s)|ds<ife3/2-i/ioo^ (2.31) 

(See [28l estimate (4.73)] for the integration of terms of the form ee"'''^!''^*^!.) 

3. The case of a decreasing potential 

In this section we deal with the problem of existence of a pure soliton-like solution as time goes 
to +CX1. Our objective is to briefly describe the dynamics of such a solution, say v{t), in order to 
compare its behavior with the solution u{t) described in Theorems 11.11 and 11.21 We sketch some 
of these results, being straightforward generalizations of the results of Section 4 in [28j. First, we 
state the following existence result (see also [27l Proposition 7.2]). 

Proposition 3.1. Suppose xq gM. andO < A < 1 fixed, with A 7^ A. Let c^ > with |c^— Coo(A)| < 
Ke^'"^, where c^o — Coo(A) > is the scaling given by Theorem \1.2l Let k(X) be the parameter 
defined in Iil.l3\) . For eg > small enough, the following holds for any < e < Eg- There exists 
a unique solution v £ C{M.,H^{M.)) of il.S]) such that 

lim \\v{t)-K{X)Q,+ {-~{c+~X)t-xo)\\m<^R)=0- (3.1) 

Moreover, there are constants X, 7 > such that 

Mt) - k(A)Q,+ (- - (c+ - X)t - xo)\\m(R) < Ke-'-^*, (3.2) 

provided < e < Eq small enough. 

Remark 3.1. This result has been proved in |27| for all < A < Aq (namely, with k(A) — 
2-i/(m-i)-j^ The key argument in the proof was the introduction of the modified mass A^[u](t), 
given by 

Mium-.^ f^(^dx, (3.3) 

which satisfies [22], for ah t,t' > f^, with t' > t, M[u]{t) - M[u]{t') < Ke'^^K From the proof 
of this result, we see that the same conclusion holds for any Aq < A < A, with no differences in 
the proof, since one still has Coo(A) > A. However, in the case A < A < 1, one has Coo(A) < A. 
Therefore, one needs a modification in the main argument of the proof. It turns out that, instead 
of considering the modified mass A^[u], one should consider the modified mass M[w], introduced 
in [37], given by 

M[u]{t) ■-]- ( a^/"'{ex)u^{t,x)dx. (3.4) 

2 Jr 

Thanks to p.Sp this quantity satisfies, for any m — 2,3 and 4, the following property [27;: There 

exists £o > such that, for all < e < Eq, and for all t' > t, 

M[u]{t)-M[u]{t')>0. (3.5) 

After this modification, the proof of Proposition 13. II is direct from [271 Proposition 7.2]. 

Let us come back to the study of the function v{t). A straightforward consequence of Proposition 
13. H is that, for all £ > small enough, 

\\v{t) - fc(A)Q,+ (. - (c+ - A)fe - xo)\\m(R) < Ke^°. 

Now, we want to describe the dynamics of this solution in the region t e [— TJ;, T^]. The natural step 
is, following Section 4 in [28] , the construction of an approximate solution v(t), with dynamical 
parameters c(t) and p{t), of the form (compare with (|2.8p ) 

i{t) ^ i{t, c{t),P{t)) := Vemm + w{t)), (3.6) 



w{t,x) := <; ~^^^ ~ ^^^ ^ _2n /. _~N .r___ n (3-7) 
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such that C(Tj) is close enough to v{T^). Here y := x — p{t), fj^ijj) :— ri{2 — ey), R{t) is the 
modulated soliton from (|2.5p with parameters c(i) and /5(i), (i(f) := ^(ep(i)), and 

' ed{t)Ai.{y), if to = 2, 4, 
^£d(t)i£(y)+e2B£(i,y), if TO = 3. 

Remark 3.2. Note that we have chosen fje such that fi^{y) = for all y > -, and ^(y) ~ 1 for 
y < i. This choice is the opposite to the corresponding one associated to r]{y) (see (|2.7I) '). 

Let A e (0,1), A 7^ A, and Xq G M with \Xo\ < £-1/2-1/100^ Lg^ {C{t),P{t)) be the unique 
solution of the following backward dynamical system (cf. Lemma 12. ip 

ic'it)^sh{C{t),P{t)), C(f,) = Coo(A), 
\p'{t) - (7(0 - A, P(f,) - P(f,) + Xo, 

(note that P{T^) can be negative, as in the case A < A < 1.) For further purposes, we need the 

following 

Lemma 3.2. Assume \Xq\ < £-1/2-1/100^ ^^^ (C(t),P(i)) and {C{t),P{t)) be the solutions of 

\2. S\) and 113. 8\) respectively. Then, for all t G [—T^,T^], 

e\P{t) - P{t)\ + \C(t) - C{t)\ < /^ei/2-i/ioo_ (39) 

Proof. We prove the most difficult case, namely A € (A, 1), since the case A G (0, A) is simpler. 
Suppose t G [—Ti;, Tg], with |i— io| > — , io from Lemma [2.1l and a > a small number, independent 
of e. From [28i identity (3.2)], one has 

C^"(t)(A _ C(t))i-^" = (A _ i)i-Ao^|^ ^ (^ _ l)i-^"a^(£P(0)(l + 0(e^")). 
Ao Ao aP[eP[-Te)) Ao 

Similarly, since \Xo\ is small compared with P{T^) = P{-~T^), the functions {C{t),P{t)) satisfy 
the identity 

C'"m^-Cit)y-'«^cti^-c^r'" °7?.^\\ ^d°(^-Coo)^-^°a^(eP(0)(l + O(e^")). 
Ao -^0 aP[ePyie)) ^o 

Consider the smooth function C > h^ /(C) := C^"(y- - C)^"^". Using ([TTTi)) . we get 

|/((7(t)) - /(C(i))| < ife a'(£P(t))|P(t) - Pm + Ke^\P{t) - P{t)\\ 

Note that /(C) has nonzero derivative provided C ^ AJj. Since \C{t) — A| > Ka > 0, k > 0, 
uniformly in e in the considered time region, we get 

|AC(i)| </^(a)[£e-'^I^WI|AP(i)|+£'|AF(t)|2], 

where AC(t) := C(i) - C{t) and AP(i) := P(i) - P{t). Now we recall that AC(i) = AP'(i). 
Integrating [t,Tg], with i > ig + — , we get 

|AP(i)| < |AP(f^)|+ / ' Kee-'^'\P^''^\\/^P{s)\ds + Ke'^ f ' \AP{s)\^ds. 

By the GronwaU inequality, one has |AP(t)| < K\AP{f^)\ and |AC(t)| < Ke\AP{fe)\, as desired. 
Now we consider the interval [io - 7 ,^0 + f]- From ((2?^ and (|X8l) , 

t 



\AP{t)\ < \AP{to + -)\+ f" ' \AC{s)\ds 
£ Jt 



and 



\AC{t)\<\AC{to + -)\+Ke f " ' e-T^I^(^)l(|AC(s)| + e|AP(s)|)ds. 

Hence one has |AC(i)| < K\AC{to + f)| and |AP(t)| < K\AP{to + j)\. Finally, the proof in the 
interval t G [— Pe, to — — ] is similar to the first case. The proof is complete. D 



^More specifically, /'(C) = -(C - A)C^o-i(^ _ C)->-o. 
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We assume {c{t),p{t)) and {C{t),P{t)) satisfying (I2.6p . The following is the equivalent to 
Proposition 12.21 (see also [27)'): 

Proposition 3.3. Let {c{t),p{t)) and (C(i),P(i)) be satisfying V2.b]) . There exists a constant 
7 > 0, independent of e small, and an approximate solution v of the form \3.0j) . such that for all 
t € [— TgjTg], the following properties are satisfied. 

(1) The error term S[v] satisfies the decomposition 

S[v]{t,x) = (5'(t) - eh{t) - e^SrnJsim^i 

+ {p\t)-£{t) + ^-£f2{t)-£^S,n,3U{t))dpV + S[v]{t,x). (3.10) 

(2) The functions Ac, Be are as follows: 

A,,d^AceL°°(R), A'.ey, \A,iy)\<Ke^y as y^-^, limi^^O, (3.11) 

and for m — 3, 

fi?^(t,-)ei°°(M), \B^{t,y)\<Ke''ye-'^\P^'^\ as ij^-^, 
\\B^{t,y)\ + \d,B,{t,y)\<K\y\e-'-'Mt}\^ as y ^ +^. 

(3) The function f]^w{t), with w{t) defined in jS.T^ , satisfies similar estimates as in {2.1Ji\j - 

(4) In addition, fi{t) = fi{c{t), p{t)), given by \2.1]] . 

/2(t)=-/2(2(i),p(i)), h{t)^-h{mrp{t)), (3.13) 

and fi{t) satisfies a similar decomposition as \2.18]) . 

(5) Finally, S[v\{t,-) describes similar estimates as in \2.11]) . \2. 1 ff|) and Ii2.20\) . 



Remark 3.3. Let us emphasize the main differences between Propositions 12.21 and 1331 Contrary 
to ()2.12p and ()2.13p . we impose the opposite behavior in p.lip - p.l2p . This last condition is 
mainly motivated by the fact that the solution v(t) is now pure as ^ — >■ +00, therefore it should be 
rapidly decaying on the left hand side of the soliton, instead of the right one. As a consequence, 
we get that the values of /2(i) and /3(i) are of opposite sign (cf. p.l3p .) 

Sketch of proof of Proposition \3.3[ We follow step by step the proof of Proposition 4.2 in [25] (see 
also Appendix B in _28:), having in mind the following formal changes: 

(c(t), Pit)) ^ (c(i), p(i)), (cit), Pit)) ^ icit),m), u{t) ^ m, 

{fl{t)j2{t),fz{t),fi{t)) ^ {flit), f2{t), hit), f4{t)). 

Steps 0, 1, 2, 3 and 4. In these paragraphs, no significant modifications are needed. Let us 
recall that Fi is given by 

in particular, /i(i) — f licit), pit)). The term F2 remains "unchanged". 

Step 5. Resolution of the first linear problem. We are looking for a function A^ with the 
opposite behavior with respect to Ac (cf. (|3.1ip ). The key difference will be in the computation of 
/2(i). Indeed, we start from (B.29) in [5S]. We have (for the sake of clarity, we drop the variable 
t and the tilde on each function, if there is no confusion) 

/ iCAc)y / AQc= iPi + AF2) / AQc, C := -dyy + c - mQ'^-K 

JR Jy JR Jy 

and therefore, using that we have chosen Jj^ QcAc = |28^ and AQc '■— dcQc, 

f r+°° r+°° +00 r r 

/ iCAc)y / AQc = iCAc) / AQc + AQcCAc = - / QcAc - 0. 

Js. Jy Jy -<» JR JR 
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Note that, in this case, we have used that (CAc) J ^Qc — 0. Therefore, from p.l4p and 

M B.20], 



+ CX3 



/2 



cAQc = — 
a 



A 



pc{c- —)AQc- 

Ao m — 1 



1 1 /■+°° 



Using that /+°° AQ, = - J^ AQ, + /+°° AQ, = - J^ AQ, + i /^ AQ„ one has 



e/2C 



,29-1 



2a 



and therefore 



/2(i) 



Ao Jm to - 1 Jr 

;(6AoC — Aj- 



AQe, 



(5-to)2'"""" " y^a{ep) J^Q"^ 

as desired (cf. p.l3p ). 

Step 6. Cubic case, resolution of a second linear system. As above, the main difference 
here is in the value of /3(i), which is the "opposite" of f^it). This result is consequence of p.l2p . 
We start from the equivalent of |28[ B.35] in our case. The first big difference is in (B.36). Now 
we have 



AqL-A — AcL,A^ 



+00 



A,(A + AA) = cA2(+oo) - / Ae(A + aA), 



and therefore, 



3 / QcQ'cAl = -cAli+c^) - / A,iFi + AFi). 



In the same way, /i^ = ^cA'^{+oo) — Jj^ A^Q^. Still following the proof of (B.35), we have that 
Mc = ^cAli+^) + ]-( LA,Qc = ]-cAl{+<x) + \l Qc I {Fi+ AA) 

Since A,(+oo) = ^/^(A + AA) = -^(c - X) !^Qc, we finally get /i, - -A(c - X){J^QY. 
Therefore, /3(i) = -/3(5(i),p(t)). 

Step 7. Final conclusion. No differences, apart from the obvious ones, are present in this 
paragraph. The sketch of proof of Proposition 13.31 is now complete. D 



In the following lines, we state without proof the equivalent of Proposition 12.31 for the solution 

v{t). 

Proposition 3.4. Suppose < A < 1, A 7^ A. There exists a constant eo > such that the 
following holds for any < e < Eq • There are a constant K > Q independent of £ and unique 
C^ functions c, p : [— Tg, A] ^ K such that, for all t G [—Tg,T^], the function z{t,x) :— v{t) — 
v{t ;c{t),p{t)) satisfies 



||z(i)||Hi(R) < i^£^/^ / 5(t,x)Qc{y)dx = / yQc{y)z{t,x)dx = 



(3.15) 



From the proof of this result one can obtain several additional properties, as in Proposition!! 
We recall some of them, of importance in the following lines. First of all, z{t) satisfies the gKdV 
equation 



St + {ixx - A5 + a{ex){(v + IJ" " ^"l}, + S{i\ + ~d^(t)dii + (J^{t)dp% = 0, 



(3.16) 



with c'j ;= c' — e/i — e'^^m^a/a, and p\ :— p' — c + X — e/2 — £^(5m,3/4. Second, there exists 7 > 
such that, for every t G [—T^,T^], 

\p\(t)\ < K{m - 3 + £e-^^l^(*)l) [ / z2(i)e-7lSl 



1/2 



+ K I e-^\y\S^{t)+K 



I 

Jr 



yQiiS[v] 



, (3.17) 
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|c'i(i)| < K / e-'l^lz2(t) + ifee-T^I'^WI [ / e-^ISI|2(i)^ ^''^ 
and 



K 



QcS[v\ 



(3.18) 



\c{t) ~ C{t)\ + \p'{t) - P'{t)\ < Ke^'\ (3.19) 

|c(f,) - c+l + |/5(f,) - P{f,)\ + ||z(f,)||Hi(R) < Ke^\ (3.20) 

with i^ > independent of e. This information allows us to prove a Virial identity for z, as in 
Lemma 12.41 (see [28] for the proof) . 

Lemma 3.5. There exist K, Ao,Sq > such that for all t (z [—T^,T^] and for some j = ^{Aq) > 0, 
dt [ S\t,x){l-iJAom>So [ {~zl + S^)it,x)e-^^^^ - KAoe'/^. (3.21) 



As in (|2.30p . this last property leads to the estimate 



T, 



i2l + 2^)is,x)e~^^^^dxds+ |5'i(s)|ds< if £3/2-1/100^ (332) 



for t e [—T^, Tg], and where we have used that 1 — 4'Ab > and p.20p . 

4. Backward stability 

Let (5 > a small number, to be chosen below. In this section we will assume that, for T > T^ 
large enough, one has 

\\u{T)~v{T)\\H^R)<K,,e^+\ (4.1) 

with V a small number, to be specified below, and K a fixed constant. We claim that this smallness 
condition is preserved for all time below T, in particular along the time interval [— T^jT^]. 

Lemma 4.1. Suppose A e (0,1), A 7^ A, and d > small. There exist K > and a smooth 
function T{t) e M, defined for all t G [—T^^T], such that 

\\u{t + T{t)) - «(i)||HMK) + \r'{t)\ < Kue'+'. (4.2) 

Remark 4.1. Let us emphasize that the modulation via the function T{t) is in part consequence 
of the fact that there is no space invariance for the equation (jl.l[) . and therefore modulation in 
space is not enough, in particular inside the interaction region. This idea has been previously 
introduced in [27) . 

Proof of Lemma \4-1\ We sketch the proof of this result, since it is similar to the proof of Propo- 
sition 2.5 in [28], and Proposition 5.1 in [27j. We proceed in two steps. 

First step: Prom t = T to t = f^. We claim that for aU t e [f^,T], there exists T{t) e M such 
that 

\\uit + Tit)) - vit)\\H^R) + |r'(i)| < Kiye^+', 
with K > independent of e, v and t. Indeed, we define, for K* > to be fixed later, 

T* := inf{t G XTe.T] such that, for aU t! £ [t,T], there exists a smooth 

f{t) e M satisfying \\u{t + f{t)) - v(i)||Hi(K) < K*iye^+^}. (4.3) 

We suppose that T* > T^. We define, via the implicit function theorem, functions T{t) and h{t), 
such that h{t) := u{t + Tit)) - v{t) satisfies, for ah t € [T*,T], 

h{t, x)vx{t, x)dx = 0. (4.4) 

In addition, one has ||/i(i)llffi(R) + |7~'(0l ^ KK*ve^'^^ , for some positive constant K. Additionally, 
this estimate at time t = T does not depend on K* . Define a mass M[u]{t) as follows: 

M\u\it) ■= /^^MW ^-(^) < ^' ('^f- <E1)' 
^ ^^'' \M[u]it) Coo(A)>A, (cf. (USD). 
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Note that this quantity satisfies, for aii t e [T* , T], 

fM[u](t)-MM(T)>0, Co,(A)<A, (cf. dUD-dSSD), 

\M[u](t)- M[u](T) <Ke~'^^\ Coo(A) > A, (cf. Lemma A.2 [28]). 

Moreover, this result does not vary if we consider instead the translated mass M[u{- + T{-))]{t). 
On the one hand, since M[w](t) = Km(A)A/[(3] + 0{e^^''^), with Km(A) a positive constant 
(recall that v{t) is a pure soliton solution at +00), and Ea[v]{t) — Ea[v]{T), one has 

\Ea[v]{T) - Ea[v]{t) + (c^(A) - X){M[v]{T) - M[v]{t))\ < Xe'^^*. 

On the other hand, from the decomposition u{t + T{t)) = v{t) + h{t), we get 

Ea[u{-+T{-))m + (coo(A) - X)M[u{-+T(:mt) = Ea[v]{t) + (coo(A) - X)M[v]{t) + F{t), (4.6) 

with F{t) a coercive Weinstein functional in h{t) (see e.g. [551 Lemma 2.2]), up to a negative 
direction represented by v{t). This direction can be controlled using the energy conservation law 
for Ea[u](t), as is done in [271 Lemma 5.4]. Indeed, note that 



Ea[u]{T) = Ea[u{- + Ti-mt) ^Ea[v]{t)- / h{v,, - Xv + aisx)v"') + Oi\\h{t)\\ij, .^.) 

JR 

= EMiT) - (coo - A) / vh{t) - / hiv,, - Cool' + aisx)v"') + 0{\\h{t)\\l^,^X (4.7) 

jR JR 

Since Coo(A) ^ A for all A 7^ A, we have 



vhit) - / vh{T) 



< K{X)K*vs'^+\e-^'' + K*ye^+^). 

We evaluate (|4.6p at < = T and t = T* , and use this last estimate. From the coercivity of F{t) up 
to the direction v{t) we get, for £0 > small enough, 

||/»(T*)||^l(R) < if (A)XV2e2(l+*) + i^e-7et < l(^*)2^2^2(l+5)^ 

for K* large, independent of e and ly, which is a contradiction to the definition of T* . This proves 
the first step of the proof. 

Final step. We prove the result inside the interval [—Tg,Tg]. The proof is similar to the above 
case, but in this opportunity we start from the initial estimate 

11^(7^ + t) - vif,)\\HiiR) < Kue^+\ t := T{f,). 

Note that u{t + Ti.) is also a solution of ()l.ip . with same energy and the same pure asymptotics as 
t — > — 00. Therefore, in what follows we can assume by simplicity that T^ —0. We define (14. 3p in 
the same way, but now we work inside the interval [—T^^T;,]. In a similar fashion, we define h[t) 
and T{t), as in (j4.4p . However, the energy-mass argument above considered is not valid anymore, 
since the mass variation is too large; we need a different approach. 

In order to savage our proof, we follow the argument of |27', Proposition 5.1]. We consider the 
Weinstein functional 



J-(f) := - {hi + c{t)h') / aiex)[{v + hy''+' - w™+^ - (m + l^h], 

2 Jjj m + 1 J^ 

with c{t) being the scaling of the approximate solution v{t), close to v{t). This quantity J^{t) varies 
slowly, as shows a direct computation, similar to [27'i Lemma 5.6]. In particular, the variation of 
c{t) can be controlled using p.22p . The last step is a sharp control of the quantity 

vh, (4.8) 

better than the standard Cauchy-Schwarz inequality. This can be done using a similar argument as 
above (see also [STj Lemma 5.4]), as long as c{t) ^ A. This is certainly true in the case < A < A, 
since C{t) > X (Lemma[23|) and \£{t) - ^(i)] < Ke^^'^ for all t e [-T,,fe]. Therefore, in the case 
< A < A, we are done. 
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In order to control this quantity in the case A < A < 1, we use the foUowing argument. Suppose 
t > T* > to + — , for a > small and io such that C{to) = X. It is clear that one can control (14.81) 
inside the interval [T*,T^]. Indeed, following (|4.7|) . one has 



vh{t) - / vh{T^) 



K 






(4.9) 



which improves the standard estimate, provided we take e small, depending on K* and a. As a 
conclusion, T* < to + 7 ■ 

Now we suppose T* > to — —, and we consider the control of (|4.8I) inside the interval [T* , to + — ] . 
Moreover, we may suppose T* < to, which is the most difBcult case, since C'(to) — A and the usual 
estimate degenerates. However, since the interval is small, one can use a standard balance of mass. 
One has, forte [T*,to + f], 

M[ui-+Ti-mt)~M[v]it)^U[iv + hnt)~v'{t)]= f vh{t) + \f h\t). (4.10) 

^ JR JR ^ JR 

On the other hand, since u and v are solutions of (jl.ip . one has from (|1.6p . 



dt{M[u{-+r{-)]{t)-M[v]{t)] 



rn + 1 



a'{{v + hY 



ra+1 



a'{v + h) 



m+l 



Therefore, after integration in [t,to + — ], and using (|4.10p . we get 



vh{t) 



Vh{tQ + -) 



< KK*ve^+\a + K*ve^+'') 



*,,^l+S\ 



(4.11) 



which improves the standard estimate, for a > small enough, depending on K* (take e.g. 
a = (is:*)-!/!™). Therefore, T* < to - f . 

The final estimate inside the interval [— T^jto — — ] is completely analogous to (14. 9p . One has, 

forte [T*, to- f]. 



vh{t) 



vh{to ) 

£ 



K 



< fii^V£i+*'(ee--'^l'^WI +i^V£i+*'). 



(4.12) 



Combining estimates (J4.9p - (l4.12p . taking K* large and e small, depending on K* , we obtain a 
contradiction. The proof is complete. D 

We recall that from Propositions 13.31 and 13.41 there exists a suitable approximate solution 
v{t) = v{t ; c{t) , p{t)) , defined for t e [—T^,Te], of the form p.6p . with dynamical parameters c{t) 
and p{t). 

The purpose in what follows is to use the smallness condition (j6.2p to obtain upper bounds on 
the variation of parameters (c, p) and (c, p). Define, for t e [— T^jT^], the following quantities: 



t+:^t + T{t), Ac(t) :=c(t+)-5(t), and Ap(t) := p(t+) - p(t). 



(4.13) 



We have supposed that |T(t)| < j^ in the interval [—T^,T^], in such a way that we still can use 
the decompositions of Propositions 12.31 and 13.41 Later we will improve this result. The next result 
states that under the condition (|6.2p the quantities Ac(t) and Ap{t) are also small, meaning that 
almost equal solutions have close dynamical parameters. 

Lemma 4.2. Assume \T{t)\ < j^ in the interval [—T^,T^]. There exists K,eo> such that for 



all < £ < £0 the following holds. Suppose that |^. j[ j is satisfied inside the interval [—Ti^^Ti^]. 
Then, for all t e [~T^,Tg], 

|Ac(t)| + |Ap(t)| < Kiy£^+^ + Xe^o. (4.14) 

Proof. From Propositions 12.31 and 13.41 we have the following decomposition 

u(t+,x) — v{t, x) — u{t+,x) — v{t, x) + z{tj^, x) — zit, x), (4-15) 
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where, for all t E [—T^,T^], z{t,x) and z{t,x) satisfy (|2.21l) and (I3.15p . respectively. In addition, 
after a Taylor expansion, we obtain 






On the other hand, from (|2.15p . 

Ve{y)w{t+,x)Qc{y)dx 



< Ke'" + K\\w{t+)\\H^,^.{\Ac{t)\ + |Ap(i)|), 



(4.16) 



(4.17) 



and from p.lSp and item|3]in Proposition l3.31 similar estimates hold for \J-^ ri^{y)w{t^, x)yQc{y)dx\ , 
\J^fie{y)w{t,x)Qc{y)dx\, and \J^'fie{y)w{t, x)yQ£{y)dx\. Finally, from (|2.2ip one has 



z{t,x)Qc{y)dx 



< 



i^||z(i)|Ui(K)(|Ac(t)| + |Ap(i)|), 



(4.18) 



and the same result is valid for the integration against yQc- Now we conclude. Integrating (j4.15p 
against Qc and yQc, and using (g^]), (g^, (IXTC)) . and (|tT^ - (|n^ . we finally obtain dUTH). D 



5. Propagation of the defect 

Now, we suppose tti = 2 or to = 4. In the following lines, we introduce two quantities, J{t) and 
J{t), with small variation in time, and such that the defect clearly appears in the dynamics. Let 
us define 

Xc{t,x) := r AQc{s)ds, e{t) := (3Aoc(t) - A) ,^^j-^§^^^^ , (5.1) 

J —OO 

Xt{t,x) := 



20c2e-i(i)Af[g]' 
, AQ,(.).., elO:=(3Ao5(t)_A)^^^J§||^. 



(5.2) 



It is clear that Xc remains bounded as y ^ +oo, and it is exponentially decreasing as y — )■ — oo. 
Similarly, X£ has the opposite behavior as y — >■ ±oo. Finally, let us recall the notation introduced 
in p.6p and Proposition 13.41 Consider the functionals 

J{t) :— e{t) / Xc{t,x)z{t,x)dx, and J{t) := e{t) / Xc{t,x)z{t,x)dx. 

Jm Jr 

Lemma 5.1. The functionals J{t) and J{t) are well defined for all t e [—T^,T^], and they satisfy 

\J{t)\ + \J{t)\<Ke^/\ (5.3) 



Proof. We only prove the estimate for J(i), being the estimate for J{t) similar (see Remark 15.1 
below). 

Let j/o > be a large number, independent of e, to be chosen later. Note that Xc{y), with 
y = X — p(t), is an exponentially decreasing function as y — > — cx). From (I2.21[) and the Cauchy- 
Schwarz inequality, one has 



Xc{y)z{t,x)dx 



V<Vo 



<Kyae 



1/2 



On the other hand, the region {y > j/o} requires more care since Xc does not converge to zero as 
y — >■ +00. Let us suppose by now that, for all t e [~T^, Tg], z{t, x) enjoys the following exponential 
decay property: 

\z{t, x)\ < /^ei/V^'"-''(*», X > p{t) + yo, (5.4) 

for some iiT, 7 > 0, independent of e. This implies that 



Xc{y)z{t,x)dx 



y>yo 



< Ke~^y°e^l^. 



These two inequalities imply 



since yo > does not depend on e small. 
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Note that (15.41) is consequence of (|2.2ip . the following Gagliardo-Nirenberg inequality 

and provided we prove that, for some K,^ > 0, and for all y > yo, 

\\z{t,- + pm\%l^^^^<Ke-'^y. (5.5) 

The proof of this last estimate is a consequence of the following estimate (see e.g. [27l Lemma 
7.3] for a similar result): 

Lemma 5.2. There exist K,^,yo > 0, independent of s, such that for all t £ [—TcT^], and for 

all y > yo, 

\\u{t,- + pm\l.^.^^^<Ke~''y. (5.6) 

Proof. The proof of this result can be divided in two steps. 

Step one. Reduction to the case (— oo,— T^). From (|2.23p . there exists cri,cr2,o'3 e M such 
that —A < CTi < (72 < (73 < mf^^rrp f , p'{t), independent of e. Indeed, using (|2.6p and the fact 
that C{t) > uniformly in e, 

p'(t) ==c(i)- A + 0(£) >0.9 inf C(i) - A > -A. (5.7) 

te[-T,,f,] 

Then it is clear that we can find such numbers. Suppose j/q > large, but fixed, to be chosen 
later, s,i € [—Tg,Tg], with s <t. Consider the modified mass 

(s) — i / a^^"'{ex)u^{s,x)(f>{e)dx, (5.8) 



^ JR 

with i = i{s,t) -.^ x~ {p{t) + ai(s - t) + yo) and (j}{i) := f arctan(e^/-^o), with Kq > large to 
be chosen below. From the definition of 173, we have 

p{t)-p{s)-<73{t-s)>0. (5.9) 

Let us consider now (15. 8p . We claim that for yo > large but arbitrary, 

kyoit) - it,yoi-Te) < Ke-y/'^il - e-(^^+*)/^). (5.10) 

Indeed, a direct computation gives 

2 Jr 2 Jr m + 1 Jr 

+ 1 f u^a^/"^{ex) [-{<J + \)(j,' + 0(3)] 

2 JR 

Je f {a'/"^nex^ul-'- f u'iXia^n' -e'{a'^n^'^]{sx)^ 

^ JR ^ Jm 

+ le ( u" [e(ai/")(2) {ex)<j)' + (ai/")'(ex)0"] . 
2 Jr 

In the last computation we have clearly defined six terms. Let us study in detail each one. In 

what follows we use the decomposition u = u + z, given by Proposition l2.3l 

First of all, one has 



Recall from Proposition 12.21 that u(s,a;) is exponentially decreasing in the region x > /c(s), in- 
dependent of e. Moreover, it is zero for x < p{s) — -. On the other hand, (p' is exponentially 
decreasing away from zero. Therefore, one has e.g. 

np(t)+cr2(s-t) + ^yo noo 

<K e^l'^dx^K e-Kf^^-p(>'))dx 

Jp(s)-^ J p(t)+a2(s-t)+^yo 



a^/'^6'ul 
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for some K > 0, and where we have used 
J^4>'uxZx- Hence, one has 



The same method con be apphed to the term 



(b'ul^ / fli/^cZ-'z^ + O(e-^o//fg-(t-.)//^), 



Similarly, since u = u + z, 

jl/m+l^'^m+l 



< K 



l~m+l 



(l)'u 



+ Xe("-i)/2 / a^/^6'z^ 



On the other hand, since cr + A > 0, taking Kq > large if necessary, 



^ .IB 



and 



'2' 



{a^/'"'y{ex)(f>ul~- I u^iXia^/"")' - e\a^/"')^^^]{ex)(j, < 0, 



provided s is small. Finally, 
3 



[£(ai/™)(2)(ex)0' + (ai/™)'(£a;)0"]u' 



After these estimates, it is easy to conclude that 



</^ee-(*-^)/^e-^°/^ + /^e / a^/^^'z^ 



l-dt I a^''^{ex)4>{y)u^ < Ke-^"^^ e-'-*-'^/^ . 



Therefore, estimate (|5.10p follows after integration in time. 

Step two. Estimate in (— oo, —T^). Now we perform the same computation as above, but now 

inside the interval (— oo, — T^). Indeed, it is not difficult to show that, for io < —T^ < t^ 

it,y,A-Te) kyoito) < Ke-y/^il - e-(*-*°)/^). (5.11) 

The final conclusion comes from the fact that limtp^_oo It,yo{to) = 0, as a consequence of (jl.lOp . 
Collecting (fSTTO]) and (|5lT1) . we get 

It,yo{t)<Ke-y'>/''. 

The proof of (|5.6p is complete. D 

Let us conclude the proof of ()5.5p . From ()2.2ip and (|5.6p one has 

[u^ + 2uz + z^] {t, x)dx < Ke-'^y. 
y+p{t) 

Now we use the main properties of the decomposition of the function u, sated in Proposition 12.21 
One has, for x > y + p{t), y > yo > large, 

\u{t,x)\<K\Q,{x-p{t))+ed{t)A,{x-pm<Ke-^^^-P^'')\ (5.12) 

for some constants K,'^ > 0, independent of e. Note that the fact that Ac is exponentially 
decreasing for x > p{t) + yo is essential. Therefore, we finally get ()5.5p : 

z^{t,x)dx<Ke-'''y. 



v+p{t) 



D 



Remark 5.1. Let us remark that the proof in the case of J{t) is quite similar, with some basic 
changes. We need exponential decay of z(t, a;) on the left side. Second, instead of one has to 
consider the function 1 — </>, supported on the left side of the soliton, and since Ac is exponentially 
decreasing for x < p{t), estimate (|5.12p holds for v{t, x) in the region x < y + p{t), y < —yo < 
large. 
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Since J{t) and J(t) are well-defined, we can compute and estimate its variation in time. 

Lemma 5.3. The Junctionals J{t) and J{t) satisfy, for some constants K,"f > 0, and for all 

t&[-T„f,], 

\j'{t) + p'i(t)(3Aoc(t) -\)\<K j e-^^l«lz2(i) + Ke'''^ + K\<^^{t)\. (5.13) 

and similarly for J' (t) : 

\j'{t)-p[{t){3Xad{t)^X)\ <K f e-^^^\y\s\t) + Ke^^* + K\d[{t)\. (5.14) 

Proof. Let us prove (|5.13p . We compute: 

J'{t) ^ e' I XcZ + e I XcZt - p'e / AQcZ + c'e / dcXcZ 

= e' / Xc2 + e / AQc{z.^x - cz + a{ex)[{u + z)™ - u"']} - p[e / AQcZ + c[e / dcXcZ 

Jr Jr Jr Jr 

+efie / dcXcZ-ef2e / AQcZ - c[e / XcdcU - e / XcS[u] - p'le / XcdpU. 



Notice that we have used (I2.22p . In the following lines, we estimate each term above. First of all, 
from dnU), t^rm and (I^TM . 

|e'(i)| < K\c'{t)\+K\a'{ep)ep'{t)\ < Kee-'^'^P'^'^^ + K\c[{t)\ < Ks. 

From here, we get |e' /^ Xc^l < Ke^^^. Using (1^:^ and the identity CAQc := -(AQc)" + cAQc - 
mQ^~^AQc — —Qc, we have 

e / AQc{zxx ~cz + a{ex)[{u + z)" - ■u"]} < 

Jr 

< e / Ag^rz + m[a(ex)u™~i - Qc""^]^} 
Jr 

<Ke\\zit)\\HiiR)+K f e-^-\y\z^{t) < Ke^/^ + K j e-^^^^^z^t) 
On the other hand, from (|2.23p 
p[e / AQcZ 



e / AQca(£a;)[(M + 2)™-u"-mu™-^z] 



< K / e-^v^l^lz2(i) + X(£e-^l^(*)l + ||z(t)||l,.(„) + ||5[^](i)|U.(K))||z(t)ll//M 

Jr 

<K I e~^^\y\z^{t)+Ke^''^. 



Note that dcXc ~ J^ dcAQc has a similar asymptotic behavior as Xc- Therefore, from the first 
part, 



e/ie / dcXcZ + c[e / dc 

Jr Jr 



XcZ 



< Ke^/\ 



Similarly, \ef2e J^AQcz\ < Ke^^^. Let us recall that, from Proposition 12.21 u is exponentially 
decreasing in y as y — > +00, moreover {1 = for y < —-. Since Xc{y) is exponentially decreasing 
as y — ^ — cxD, one has, for some constant 7 > 0, 



c'l / XcdcU 



Xc{-AQc + ed{t)dcAc) 



y>' 



< K\c[\ 



r rO r+oo 

XcX'c+Ke\c[\ e-yy\dcAc{y)\dy + Ke\c[\ e-^y dy + K e^'' 

Jr J -^ Jo 



< K\c[\+Ke 



10 



Claudio Munoz 21 



The term J„XcS[u\ can be treated similarly. Indeed, since Xc is exponentially decreasing as 
y — >■ — cx), one has from Step 7 in Appendix B of |28) . 



f XcS[u] <K f e-^yiSm+K f \S[i 

JR J-2 Jv>0 



y>o 

The last estimate concerns the nonzero term pie L XcdpU. Here one has 

pie / XcdpU = — i-r / AQcQc + £p'iedpd{t) / XcAdy) - ep\ed{t) / XcKiv) 

= pi(3Aoc - A)c2«(2e/[Q])-i / AQ,Q, + Odpijee-^^l^^*'!) 

= pi(3Aoc-A) + 0(£3/2). 
Finally, collecting the above estimates, we get, for some 7 > independent of e > small, 

I J'(t) + pi(3Aoc - A)| < Ke^/^ + K f e-^^'^y^z\t) + K\c[{t)l 
as desired. The proof of ()5.14p is analogous, the minus sign is a consequence of (|5.2p . D 

6. Proof of Theorem 11.41 cases m = 2,4 



In this section we prove Theorem II. 41 in the non degenerate cases m = 2 and 4. For the sake of 
clarity, we divide the proof into several steps. 

Step 1. Preliminaries. We will follow an argument by contradiction. Suppose that (J1.16p do 
not hold; therefore for i^ > arbitrarily small, there is T > T^ arbitrarily large such that 

\\w+{T)\\hi(m) < ve'+'Z''^. (6.1) 

(cf. Theorem ll.2l for the definition of u;+ and p{t)). Let us define Xq = Xq{T) := p{T) — (c"*" — X)T. 
From Proposition 13 . 1 1 we know that there exists a unique solution v = v^o of (II. 8p such that p.ip 
is satisfied. Moreover, from (|3.2p . by taking T larger if necessary, one has 

||u(T)-t;(T)|Ui(R)<2j.ei+i/50. 

Thanks to Lemma W/\\ with 5 :— -^^ there are a constant K > Q and a smooth function T{t) G M, 
defined for all t e [-Tj,Te], such that 

\\u{t + rW) - t^Wllffi(M) + |r'(t)| < Kve'+"^^. (6.2) 

Now we assume that T{t) is a small perturbation of T^ inside the interval [— T^, T^] , in the sense 
that 

\T{t)\ < i^*£-i/2-i/ioo^ |7-(j.^)| < ^g-1/2-1/100^ 

where K* > is a large constant, to be chosen later, and Q < K < K* is independent of K* . 
Therefore Lemma 14.21 makes sense with no modifications. Moreover, from Propositions 12.31 and 
31 and ([2:251) . one has for Aq := (c+ - \)f, + xo{T) - P{f^), 



\Xo\ < K\P'{t)\\r{f,)\ + \P{t+T{t)) - (c+ - A)f, - xo{T)\ < A'£-i/2-i/ioo_ 
Note that we can apply Lemma 13.21 As a consequence, we improve our previous assumption: 



Lemma 6.1 (Bootstrap). For all e > small, the function T (t) satisfies \T{t)\ < iA:*e-i/2-i/ioo 
in the interval [—Tg,Tg]. 
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Proof. We prove this result in the most difScuh case, namely A < A < 1. The case < A < A 
follows easily. Suppose that t e [—T^, T^], but \t — to\ > — , with to given by Lemma \2A\ and a > 
small, independent of e. Then, from dill)) . ^^, (|XT4 and ([gj^ . 

\p{t + T{t)) - p{t)\ < \Ap{t)\ + \p{t) - P{t)\ + \P{t) - P{t)\ + \P{t) - p{t)\ 

<i^^£l+l/50^ ^^-1/2-1/100 _^|p(^)_p(^)| < ^^1/2-1/100^ 

A direct computation shows that, outside the interval [to — — ,to + — ], one has \C{t) — A| > Ka, 
for some k > independent of e. Therefore, from (I2.23P and (|2.25p . 

Ip'WI > \c(t) -M- Ke^^^ > \Cit) - A| - if £1/2 > Ka/2. 

Finally, from the lower bound \p{t + Tit)) - p{t)\ > ^Ka\Tit)\, we get |r(t)| < ii:(a)£i/2-i/ioo 
Now we consider the estimate of T{t) inside the interval [to — —,to + —]■ Since \T{to — — )| < 
^^_ 1/2- 1/100^ integrating ((0|) . we get 

\T{t)\ < irz.ei/i°" + ire-i/2-i/ioo < if£-i/2-i/ioo_ 

By taking K* > 2K, we can conclude. We are done. D 

We have proved that |T(t)| is small, compared with T^, in the interaction region. This means 
that, by performing a suitable translation in time, we can assume, without loss of generality, that 
T{—Ti;) — 0, and the arguments below do not change. 

Step 2. Integration in time. Using (fO)) and ^T^, we get, for t e [-T^.fe], 

\T{t)\ < f \ris)\ds < ifi.ei/100, 



(6.3) 



and thus from (lil^ . (|mi) . (p:^ and (j^TMl) . 

f \c{t) - c{t)\ < \c{t) - c{t + T{t))\ + \c{t + r(t)) - m\ < Kve^+^Z^^'^, 

\ W) ~ p{t)\ < \p{t) Pit + rm + \p{t + T{t)) - p{t)\ < if i.£i/ioo. 

Now we consider (|5.13p and (|5.14p . Adding both inequalities, we have 
J'{t) + J'{t) + p[{t)i3Xoc{t) - A) - p'i(t)(3Ao5(t) - A) 
<K f (e-''^l«lz2(i) + e-^^l^l52(i)) + Ke^/^ + if (|c'i(t)| + |S'i(t)|). 



(6.4) 

Now we integrate between —T^ and T^. Using the Virial estimates (|2.29p and (|3.2ip for Ao large 
enough, one obtains 



{e-yV^Mz^^t) + e-''-^^\y\z^{t))dxdt < ife^/s-i/ 



-1/100 



and similarly J_^ (|ci(t)| + \c[{t)\)dt < Ke'l'^-^l^^^ (see e.g. ([23T|) ). On the other hand, from 
(EH), 



(J'(t) + J\t))dt < \J{t)\ + I J(-r,)| + \J{t)\ + I J(-T,)| < Ks'^\ 



Hence, from (|631), §M and ([223, 



(p'i(i)-p'iW)(3Aoc(t)-A)dt 



< if £1/4-1/100 ^ ^^^1/2 



In addition, using (16. 3p . 



(p'iW-/5'i(i))(3Aoc(i)-A)dt 



> c„ 



Te 



e(/2(t)-/2(t))(3Aoc(t)-A)di 



-ifjy. 
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We use (EUl), (|XT^ . and (US]) to obtain 

'^' i^Xocit) - Xf a'{ep{i)) 



ci/2(i) a{ep{t)) 



dt 



< ifei/4-i/ioo ^ ^^^ 



Now we claim that the quantity in the left side is bounded below independent of v and e, which 
gives the contradiction, for e and i' small enough. Indeed, from (I2.25|) . one has 



{3Xoc{t)-X)^a'iep{t)) 
-T^ c'/Ht) a{epit)) 



'■^^ {3XoC{t) - Xf a'iePjt)) 
£ I „-, ,^,,, / „,.-.-. at + Osle). 



_r^ C^^it) a{eP{t)) 

First, we consider the case A = Aq. In this case, from Lemma [2.11 we have C{t) = 1 and P{t) 
(1 - Ao)i. Then 



(3AoC(t) - A)^ a'iePjt)) 
C^/^t) a{ePit)) 



dt = AXt 



4A2 



a'iejl - Xo)t) 
a(e{l - Ao)i) 

■loga(e(l- Xo)t) 



edt 



A\2 

-^log2 + o,(l). 

i — An 



1-Ao 

It is clear that the last quantity is positive. Now we consider the general case, A 7^ Aq. We have, 
from (1221, 



^^ {iX^C{t)-Xfa'{eP{t)) ^^_ (5-m) 

(5 — m) 



C^/^t) a{eP{t)) 



^' (3AoCft) - A)2 
T, C3/2(i)(AoC(t)-A) 
- (3Aoc-A)^^^_ 



C\t)dt 



/I c'^/2(Aoc-A) 

Note that the term inside the integral has always the same sign, and it is not identically zero 
for < A < 1, A 7^ Aq. Since (|6.5p is always non zero, independent of 1/ and e, we get the final 
conclusion. The proof is complete. 

7. The cubic case 

Consider now the proof of Theorem ll.4l in the case to = 3. This case is in some sense degenerate 
since /2 = in (I2.16p . Moreover, in this case Xc{y) = \yQc S 5(R) and from (|2.2ip - p.l5p . one 
has that the functionals J(i) and J{t) are identically zero. This is the reason why we needed to 
improve the approximate solution u{t) (cf. Proposition 12.21 and 28 ) to obtain a nonzero defect 
in the solution. In this opportunity, a defect is given by the term fi{t) 7^ in (|2.17p . 

So, in order to prove the main result, instead of using the functionals J{t) and J{t), we consider 
the scaling laws (|2.24p and (I3.18p . Indeed, we start out following the Step 1 as in the previous 
section. Then we arrive to the estimate 



\\u{t + T{t))~v{t)\\Hi 

valid for all t e [—T^^T^]. Similarly, one has 

\c{t)-c{t)\ < AVe^+i/io" 
Lemma 7.1. For all t e [—T^^T^], one has 
|c'i(t) - 5'i(i)| < Xe5/2 ^ ^£e-7e|p(t)| 

-K I e-f^y^z^ + K 



W)-~p{t)\<Kue"'''^. 



(7.1) 
(7.2) 



-i\y\p 



1/2 



+ Kee-'''\P^'^\ 



e-7lSI|2 



1/2 



e~^\y\~z\ 



(7.3) 



Let us assume the validity of this result and let us conclude the proof of Theorem 11.41 for the 
cubic case. From (|7.3p . (|2.30p and p.22p one has, after integration and using the Cauchy-Schwarz 
inequality, 

{c[{t) ^ d[{t))dt <0,(£). 
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Therefore, from (H^H), (jXTB)) and ^^, 



£~ I h{t)dt <Kve + o,{e). 



(7.4) 



Note that we have used (|2.ip and (|7.2p to obtain 



[hit] - h{t))dt 



< Kve. 



Coming back to (|7.4p . and using (|2.17p . one has 



T. \Mi) 



' m-x)iM^dt 



a^{ep{t)) 



< Kve + o^{£). 



(7.5) 



In what foUows, we spUt the proof in two cases. 
First case: < A < A. From ^T^-^TI^, 



{c{t) - A) a'- 



iep(t))dt> 



10y/^^{X)J^i a 



1 a'2 



{s)ds =: K, 



(7.6) 



with n > independent of e. We get then he < Kve + Ke"^^^, for some positive constants K, k. 
By taking v small enough, we obtain the desired contradiction. This proves the result in the case 
< A < A. 
Second case: A < A < 1. First of all, note that from (|2.25l) . one has 



{c{t) - A) a'- 



■{£p{t))dt^e 



^^ {C{t) - A) a'^ 



{eP{t))dt + o,{e). 



Now we split the time interval [—Te,Ti.] into three disjoints subintervals, as in the proof of [28l 
Lemma 3.3]. Let to be as in Lemma [2. II We have, for a > small, independent of e. 



e(C(^)-A)a^ 



re V^ 



^fW) «' 



fto + f r-T'- 

-T, Jto-f Jto + f 

A simple computation shows that, inside the interval [to — —,to + —], 

C{t) - A = C{to) - A + C'{to){t - to) + 0{e\t ~ tof) = 0{a) 
and thus, 



£Ma^£^(,P„)),, („) 



'""* £Ma^f!;,.P,o)<i, 



'..-f -Jem » 

Note that A > A > 0. On the other hand, 
'•*°-^ e[C(t) ~ A) a'2 



< 



Kg" 



and 



yC(i) a 
^^ e(C(i) - A) a'2 



-{eP{t))dt< 



yJC{to - |) JeP{-T,) 



-P{t0'f) ^/2 



-Yis)ds] 



{eP{t))dt < -- 



1 



£-P(*o + f ) ^/2 



,*„+^ yC(i) a2---"-^- ^C(io + f ) JePif^) a 
Recah that, by definition of f^ ([231), one has P{fe) = P{-Te). Moreover, 



— 2-(s)ds. 



:P(*o-f ) ^.2 



£-P(toH 



T2"(*)^* 



<Ke[P{to-^)-P{to + ^)\ <Ka^ 
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since P'(to) = C(fo) - A = and P^^\t) = C"{t) = ©(e^). Therefore, we have for some K > 0, 



(EZD <- 



V^(io + f ) V^(to-f)J Ap(-t.) « 



'£-P(*o-f ) q/2 



^-(s)ds + ii'a2+ii'a3 



/•eP(to) q/2 

< -Ka -^{s)ds + Ka^ +Ka^. 

JeP(-T^) « 

Since |eP(to)| < ^(A) [H estimate (3.7)], and eP{-T,) = -e-i/ioo ^ -K{X), one has 

/■-iflA) ^,2 

(1721) < -if a / ^^(s)ds + ii:a2+Xa''' < -^(A)a < 0, 

for some ^(A) > 0, and a > small, but independent of e and v. Replacing in (|7.5p . we get the 
desired contradiction, provided v and e are small enough. The proof is complete. 

Proof of Lemma \7.1\ We start from the proof of [28l identity (4.47)], where, for each t e [-T^^ Te], 
one has 

c\ f Qcdcu = - / QcS[u] - p\ f Qcdpu - p[ f Q'^z + c\ f KQ^z - £^4 / Q'cZ 

Jr Jr Jr Jr Jr Jr 

+e(/i + e/a) / AQ,z + / Q'X£x)[3uz^ + z^] + 3 /" Q^[a(ex)u2 _ qI]z, 

Jr Jr Jr 

This expression leads to the bound (|2.24p above. We also recall that a completely similar 
holds for ci(i). On the one hand, from (12. 23^ with m = 3, and (|2.20l) . 



expression 



l/o'il <K e-^l^lz2(i) +ifee-^-'l''(*)l 



= -7ll/U2 



(t) 



1/2 



Ke^ 



(7.8) 



1^ irk </ ^L 

and similarly for \pi\. Now we compare both identities, using (17.81) . to obtain. 



QcdcU — / AQcZ 
-P'l 



~c\ 



Qcdti - / AQgz = - / ge5[{i] + / QcS[v] (7.9) 



Qc<9pw+ / Qc' 



-p'l 



^c^pS + / g^ 



he/i / AQc^; - e/i / AQgl 

■/R JR 

-£^4 / Q'cz + e'A / Q'iz + e^fs f AQe 

JR JR JR 



: - e'/s / AQc 



(7.10) 

(7.11) 

iS (7.12) 

(7.13) 

(7.14) 

We first deal with the right hand side of (|7.9p . Since Qc and Qg are Schwartz functions, we have 
from (12:201) . 



„~,;2 I ~3i 



+ / Q',a{ex)[3uz^ + z^] - / Q'^a{ex)[5vS^ + 

JR JR 

+3 / Q'M£x)u^ - Ql]z - 3 / Q^[a(ex)C 



r,2 _ n2i ; 



On the other hand, 
/ QcdpU = / Qcdp 

JR JR 

= ~ f VeQ 



JR JR 



c{y) 



Veiy)i^^^ + ed{t)A,{y) + e^B,{t, y)) 



^2a3/2(£p) "^ai/2(ep) 



and similarly with the term JaQddpV. Therefore, from (17. 8p . we get 
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Now we deal with (I7.1ip . We have 



e/i / KQcZ-efi / KQcZ 



< Kee 



-ye\p(t}\ 



^2g-7|y| 



1/2 



Kee 



-7e|p(*)l 



^2g-7|g| 



1/2 



The estimate of (171^ is easy: from (P?^ and (I5TT5)) . one has [ (fn^ l < Ke^^'^. Now we consider 
the terms in (|7.13l) . We have 



y^a{ex)[3uz +z 



y^a{ex)[3vz +z 



< K 



e-7|y|^2^ 



e-7l5l52 



Since ||a(ex)u^ — Qc\\l=°(m) < -^'ee '>'^l''(*)l + Ke^, and similarly in the case of v, one has 



e-i\y\^2 



Idnil < i^ee-^^l''^*)! 



Finally, we deal with the left hand side of (j7.9 



1/2 



+ i^ee-'^^l''^*)! 



e-7|y||2 



1/2 



if £5/2. 



„2e-i 



Qcdcu ~ / AQcZ = 261— 



it) 



d{ep{t)) 
Gathering the above estimates, we get finally (|7.3p 



+ 0(£i/2) > fco > 0, 



1 1 
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